Abstract. We establish a relation between two di erent approaches to a complete pseudodi erential analysis of totally characteristic or Fuchs type operators on compact manifolds with boundary respectively conical singularities: Melrose's (overblown) b-calculus and Schulze's cone algebra. Though quite di erent in their de nition, we show that these two pseudodi erential calculi basically contain the same operators.
Introduction
We compare two di erent approaches to a pseudodi erential analysis of totally characteristic or Fuchs type operators on compact manifolds with boundary. Recall that locally di erential operators in this setting are of the form with a k 2 C 1 (R + R n?1 ). Here, (x; y) 2 R + R n?1 are local coordinates near the boundary; the weight x ?m sometimes can be omitted. In this context, it is of interest to characterize the Fredholm operators (in an appropriate scale of weighted Sobolev spaces) and the solutions to elliptic equations. A natural way to treat these problems is to construct a pseudodi erential calculus that includes the parametrices of Fredholm operators, where a parametrix is an inverse up to remainders in à small' residual class within the calculus. Such pseudodi erential calculi for totally characteristic operators together with a complete symbolic structure have been developed independently by Melrose 28] , 31], Plamenevskij 43 Cheeger 3 ], Lesch 21] , and many others. In this paper, however, we concentrate on the bcalculus of Melrose and the cone algebra of Schulze. Though the presentation of these two calculi is quite di erent, in fact, these classes of operators are almost the same. Before making this more precise, let us give a brief description of the main features of the two calculi.
In 28], Melrose observed that important parts of the theory of totally characteristic operators on a compact manifold with boundary can be understood geometrically. In fact, the Schwartz kernels of totally characteristic or brie y bpseudodi erential operators can be characterized on a compact manifold with corners X 2 b , that is obtained from the product manifold X 2 by blowing up the corner (@X) 2 Note that for compact remainders, i.e. for a Fredholm theory we do not really need the full asymptotic information contained in E, but only a certain degree of vanishing at the faces. However, this calculus with bounds 31, The passage from a manifold with conical singularities to a manifold with boundary by blowing-up, naturally leads to the consideration of Fuchs-type operators. An easy example is given by the di erential operators on R n that have the structure (1.1) if expressed in polar coordinates. Also geometric operators like the Laplace-Beltrami operator on a manifold with boundary with respect to a conical metric are of this form (with m = 2).
In 13] Kondrat'ev observed that the solutions to elliptic di erential boundary value problems in conical domains have speci c asymptotics near the vertex, which are related to the eigenvalues of resulting boundary value problems on the cross-section. Pointing out such a global behavior along the base of the cone, the operators in the cone algebra are described near the singularity in terms of Mellin pseudodi erential operators with operator-valued symbols. For example, the Mellin symbol of a Fuchs-type di erential operator is a polynomial in z 2 C and coe cients that are functions with values in the di erential operators on the cross-section. To describe the parametrices, this holomorphic structure is not su cient. General operators of the cone algebra are built upon operator-valued symbols that extend in the covariable meromorphically to the complex plane. It is this meromorphic structure that induces the typical asymptotic behavior near the singularity of the solutions to elliptic equations. As a matter of fact, such symbols can be split into a holomorphic part of full order and a meromorphic part of order ?1. Therefore, the asymptotic information is carried by smoothing cone operators. If interested only in parametrices modulo compact operators, it su ces to consider smoothing symbols that only extend holomorphically to small vertical strips in the plane, cf. for example 6], 62]. The width of these strips corresponds precisely (after Mellin transform) to the degree of vanishing at the faces of the kernels in the b-calculus with bounds mentioned above.
Let us mention that the aspect of operator-valued symbols is interesting for various reasons. In particular, it yields an iterative approach to manifolds with higher singularities (such as manifolds with edges 51 16 ] that the C -algebras generated by the operators of order 0 in the small b-calculus coincides with that generated by the cone algebra.
Before, these algebras were studied independently in 15], 23], and 38] . In this paper, we analyze the relation between the two calculi for arbitray orders more precisely. As a rst result, we show that the small (overblown) b-calculus coincides where E describes the asymptotics of the kernels near the various faces of X 2 b , and the union is taken over all E satisfying a certain compatibility relation with the weight data ( ; ? m), cf. (5.12). Moreover, by the subscript w we denote a slightly enlarged,`weak' version of the cone algebra, introduced in Section 3.
An essential step in the proof of (1.2) is explaining the precise relationship between the spaces of polyhomogeneous conormal functions (De nition 4.3) and the spaces with (weak) discrete asymptotics (De nition 3.4) that are used in bcalculus resp. cone algebra to describe the asymptotic behavior at the boundary faces. Results for X resp. X 2 can be found in Corollary 5.6 resp. Theorem 5.8.
We want to point out that the cone algebra can be shown 53] to be spectrally invariant. This becomes useful, for instance, in characterizing parametrices for higher singularities, since then ellipticity is just the invertibility of certain operatorfunctions taking values in calculi of the lower levels. Spectral invariance for the b-calculus holds for a slightly restricted subalgebra of the full-calculus 36].
However, the algebra of operators of order 0 either in the full b-calculus or in the cone algebra is quite complicated from the point of view of topological algebras { this is discussed in 16] in detail. In particular, it is not known whether these algebras though spectrally invariant are closed under holomorphic functional calculus. Nevertheless, it is reasonable to expect f(a) within the same class as a provided f is not only holomorphic near the L 2 -spectrum of a but also near regions corresponding to the boundary symbol (for instance entire functions) 36 ]. The main results of this paper are stated and proved in Section 5. In Section 2 we recall some basic facts on manifolds with corners and conical singularities, we give a review on the cone algebra in Section 3, and a summary of the b-calculus in Section 4. Z.
The C 1 -structure on Z is given by C 1 (Z) := i C 1 (M Z ). Such a manifold M Z is also said to be an extension of Z, and it is straightforward to check that the C 1 -structure on Z is independent of the extension M Z . A manifold with boundary is a manifold with corners where J can be taken to have one element. The usual objects of di erential topology are de ned by pulling-back the corresponding ones on M Z .
A subset F Z corresponding under i to a component of \ j2I f% j = 0g for some I J with jIj = k is called a (boundary) face of codimension k, and we write F k (Z) for the family of all boundary faces of codimension k.
Let us call a smooth function % F : Z ?! R + a de ning function for the boundary hyperface F 2 F 1 (Z) provided F = f% F = 0g and d% F 6 = 0 at F. Of course, a de ning function for F is not uniquely determined. However, for any two de ning functions % F ; % 0 F of F there exists 0 < a 2 C 1 (Z) with % 0 F = a% F .
Note that there is also an intrinsic de nition of a manifold with corners built on local coordinates modeled on the spaces R n k := R k + R n?k and the additional requirement that all boundary faces are embedded { for details we refer to 35] .
Naturally associated to a manifold with corners is the Lie-algebra V b (Z) of M to the interior X 0 of X. The manifold X is called the stretched manifold associated with M. In fact, the analysis of the operators of the cone algebra shall be performed on the stretched manifold X. The de nition easily extends to manifolds with a nite number of conical points; the associated stretched manifold X is again a compact manifold with boundary. Note that the stretched manifold associated with a manifold with one conical point may coincide with that of another manifold having various singularities. However, the resulting calculi on the stretched manifold are slightly di erent, the one corresponding to the case of one singularity containing the other. the Hilbert space of all f 2 C ?1 (X; b 3. Review on the cone algebra with discrete asymptotics
The cone algebra consists of pseudodi erential operators in the interior of M that have a speci c behavior near the singularity. Passing to the streched manifold X with a splitting of coordinates near the boundary, the cone operators are { modulo certain smoothing remainders { Mellin pseudodi erential operators build upon symbols that extend in the covariable meromorphically to the whole complex plane. Note that this description does not depend on the choice of the coordinates as long as the coordinate change extends to a di eomorphism of X, cf. 12] and also 47]. For simplicity we restrict ourselves to the case of M having only one conical singularity; this situation includes all basic ideas and the general case of nitely many singularities is a straightforward extension. Note that the case of non-connected boundary @X is not excluded.
Most of the here presented material can be found, for example, in the monographs 58] and 59], though our presentation uses slightly di erent notation.
Moreover, to formulate the connection of Melrose's and Schulze's approach in a smooth way, we introduce a`weak' type of the cone algebra. Note that, since no non-trivial asymptotic respectively meromorphic structure is involved, there is no weak version of the holomorphic algebra.
Using the kernel characterisation of Subsection 3. An absolute index set satisfying 3. (z; k) 2 E =) (z + j; k) 2 E for all j 2 N 0 , is called a C 1 -index set or simply an index set. For any index set E, let inf E := minfRe(z) : (z; 0) 2 Eg : An index family E for a manifold Z with corners is a map E = (E H ) H2F1(Z) that associates to each H 2 F 1 (Z) a C 1 -index set E H = E(H).
We agree to write 0 for the special index set f(`; 0) 2 C N 0 :`2 N 0 g. Fix G 2 F 1 (Z), and let E G (H) := 0 for G 6 = H 2 F 1 (Z) and E G (G) = E G for some C 1 -index set E G . Furthermore, let us denote by _ C N G (Z) the space of all N-times di erentiable functions that vanish up to order N at G. The Fr echet topology on the spaces A EG phg (Z) for G 2 F 1 (Z) with E(G) 6 = 0 induces a Fr echet topology on A E phg (Z). Let us mention that in the special case E(H) = ; any u 2 A E phg (Z) vanishes with all derivatives at H 2 F 1 (Z). This follows easily from the expansion (4.1).
Since A E phg (Z) is a C 1 The important point to note here is that C 1 (X 2 ; b To understand the nature of the generalized inverses of Fredholm operators in the small calculus we have to enlarge the small b-calculus by allowing nontrivial expansions at the left resp. right boundary. For simplicity, let us assume that the boundary @X is connected. Then we have F 1 (X 2 b ) = flb; rb; b g with lb \ rb = ;. Let E lb resp. E rb be C 1 -index sets, and denote by E the index family (E lb ; E rb ; 0) corresponding to the ordering (lb; rb; b ) of F 1 (X 2 b ) { note that E satis es the separation property We consider now the other inclusion, and identify certain parts of the cone algebra with elements in the overblown b-calculus. By the very de nition of the latter we certainly have The last identity follows from C 1 (X; F) = C 1 (X) b F and { via local coordinates near the boundary { from S(R n ; F) = S(R n ) b F, where S denotes the space of rapidly decreasing functions.
Step 2b: Let u 2 A E phg (X; F). Inserting in the above decomposition of u for a z;k 2 C 1 (X; F) = C 1 (X) b F a projective sum, we get u with Q(n) = f(q + n; l q ) : (q; l q ) 2 Qg. For convenience, we state this result in the terminology used in Section 3. We set 2 ), and (5.6) Proof. This is just a combination of (4.3) and Proposition 5.10.
We are now going to consider the other inclusion. Let ; m 2 R and R 2 N be arbitrary. We start with the following observation. ? inf E rb < ? n 2 < inf E lb + j ; (5.12) let us denote by P`,`= 0; 1; : : : ; R ? j ? 1 the weak asymptotic type for Mellin symbols given by P`:= f(?z +`; k) : (z; k) 2 E lb ; (z; k 0 ) 2 E lb =) k 0 kg f(z; k) 2 E rb : (z; k 0 ) 2 E rb =) k 0 kg ; and choose `2 R with ?`? j ` , and C P`\ ? n 2 ? `= ;. Proposition 5.14. For any a 2 e ?1;E b (X; b Roughly speaking, the main di erence between the cone algebra and the full bcalculus is the additional asymptotic information encoded in the nite-dimensional subspaces describing the Laurent coe cients of the corresponding meromorphic functions. Anyway, it is straightforward to include these additional symptotic data into the de nition of the full b-calculus as indicated in Remark 5.11; however, note that this requires as in the de nition of the cone algebra a non-natural choice of a product decomposition near the boundary. This \strong" version of the b-calculus coincides then with the cone algebra.
For manifolds with disconnected boundary it has been shown in Theorem 5.4 that a holomorphic version of the cone algebra coincides with the small overblown b-calculus. An analogue of Theorem 5.17 remains true provided we replace the full b-calculus m?j;E b;cl (X; b 1 2 ) by the full overblown b-calculus. The details are left to the reader.
